Given a specific spectra of the single-particle reduced density matrices of three qubits, the singular symplectic reduction method is applied to the projective Hilbert space of tripartite pure states, under the local unitary group action. The symplectic structure on the principal stratum of the symplectic quotient is obtained. A criterion from which the elements of the local normal model of the principal stratum can be constructed up to an equivalence relation and also the components of the reduced Hamiltonian dynamics on it are investigated. It is discussed that other lower dimensional strata are isolated points and so they are the fixed points of every reduced Hamiltonian flow, i.e. relative equilibria on the original manifold.
Introduction
The geometry and topology of the space of entanglement types, or the orbit space, of a composite quantum system under the Local Unitary Group K-action can be studied using the algebra of the K-invariant polynomials [1] , since the local unitary group K = SU (n j ) × N is a compact Lie group acting on the projective Hilbert space M = P(H) of the multipartite pure states as a compact Kähler manifold, with H = ⊗ N j=1 H j . Therefore, the K-action on the Kähler manifold M is proper and the orbit space M/K is a Hausdorff space. A Hilbert's theorem ensures that the algebra of K-invariant polynomials are finitely generated [2, Section 8.14] and so the orbit space M/K is locally homeomorphic to the image of the corresponding Hilbert map, as a semi-algebraic subset of R d given by polynomial equalities and inequalities, where d is the number of the basis of the algebra of K-invariant polynomials [3] .
In general, if M is a compact symplectic manifold, equipped with a closed non-degenerate 2-form ω, under the proper and Hamiltonian action of the symmetry Lie group K, the orbit space M/K is a stratified Poisson space, such that the strata are Poisson manifolds and the Poisson subalgebra C ∞ (M ) K of K-invariant smooth functions can separate the K-orbits in M [4, 5] . Alternative approach exists in the context of symmetry reduction of Hamiltonian systems, in which the components of the moment map J : M → k * , where k * is the dual of the Lie algebra k of K, are conserved with respect to the integral curves of the Hamiltonian vector fields, i.e. the Nöether's theorem. It is initiated with the Marsden-Weinstein regular reduction in [6] and continued in [7] [8] [9] for the singular reduction of Hamiltonian manifolds. In the latter case, the resulting symplectic quotient M ξ = J −1 (ξ)/K ξ is a stratified symplectic space, in which the strata are symplectic manifolds. The advantage is that this method enables us to obtain the components of the reduced dynamics on the symplectic strata M (H) ξ of the reduced space M ξ . In the current paper, we consider the complex projective Hilbert space P(H) of a tripartite pure states, as a Kähler manifold, which is acted upon properly and in a Hamiltonian fashion by the local unitary group K = SU (2) × 3 , and the corresponding symmetry or the conservation law is the preservation of the (shifted) spectra of the single-particle reduced density matrices, encoded in the components of the associated moment map [10, 11] . However, this action is not free and so the values ξ ∈ k * are singular values of the associated moment map J, since for some points p ∈ M , the corresponding isotropy subgroup K p ⊂ K is continuous, i.e. for each ξ ∈ k * , J −1 (ξ) contains a point p ∈ M , such that the corresponding isotropy subgroup K p is continuous. Therefore, we consider the symplectic singular reduction method in order to obtain the reduced symplectic quotient M ξ = J −1 (ξ)/K ξ , for a given ξ ∈ k * , with respect to the conservation of the single-particle reduced density matrices. The geometry and topology of the K-orbit space of tripartite pure states for three qubits are studied in [12] , using the algebra of K-invariant polynomials, and in [13] , using the bipartite decomposition procedure.
In [14] , the dimension of the principal stratum of the symplectic quotient M ξ , for a fixed ξ in the associated moment polytope, is studied in the case of tripartite pure states of three qubits. In the current paper, which is motivated by the work in [14] , by Sawicki et al, the symplectic structure ω (prin) ξ on the principal stratum M (prin) ξ of the stratified symplectic space M ξ is derived for a fixed ξ ∈ int(∆), where ∆ represents the moment polytope of the proper Hamiltonian action of K on M = P(H). In addition, a criterion is obtained from which the elements of the local normal form on the principal stratum M (prin) ξ can be determined up to the free action of the principal isotropy subgroup. Moreover, from the symplectic structure, the components of the reduced Hamiltonian dynamics, namely the reduced Hamiltonian functions f
) as well as their induced Hamiltonian vector fields, are investigated on the principal stratum. Furthermore, by definition of a stratified symplectic space, the symplectic structure on all lower dimensional strata can be obtained by the symplectic structure on the principal stratum. From the quantum mechanical point of view, the reduced dynamics on the principal stratum can shed some light on the non-local perturbations of generic points of tripartite pure states of three qubits, whose entanglement is invariant under the local unitary operations.
The outline of the paper is as follows. In section 2, the singular symplectic reduction is briefly reviewed. In section 3, the local unitary action on the projective Hilbert space of a composite quantum system, as well as the preliminary notation, is introduced. In section 4, the singular symplectic reduction method is applied to the projective Hilbert space under the local unitary action and the local normal form, the symplectic structure on the principal stratum, the reduced dynamics on it and the dynamics on other lower dimensional strata are studied in further details. Finally in section 5 we summarize the results.
Review of Symplectic Singular Reduction
Let (M, ω) be a connected symplectic manifold and K a compact Lie group acting properly on M . Recall that the action of the Lie group K, i.e. Φ : K × M → M and the Lie algebra k, i.e. φ : M × k → X(M ) are continuous and infinitesimal symmetry actions respectively, where X(M ) denotes the Lie algebra of the smooth vector fields defined on M and equipped with the Lie bracket. The Lie group action K ∋ g → Φ g ∈ Diff(M ) is a group homomorphism, whereas the Lie algebra action M × k ∋ (p, X) → φ X (p) ∈ T M is a Lie algebra anti-homomorphism. The fundamental vector fields of X ∈ k, or the infinitesimal generators φ X ≡ X M ∈ X(M ), of the Lie group K-action is defined by
which constitutes the Lie algebra k-action. Given a point p ∈ M , the closed Lie subgroup
= p} is called the stabilizer, or the isotropy subgroup of the point p ∈ M . Therefore, the Lie subalgebra is called the (K p )-orbit type of the orbits through p ∈ M . Equivalently, two orbits K.p and K.q have the same orbit type, if K p and K q are conjugate in K. Let I denotes the set of orbit types of the K-action on M , then we can introduce a partial ordering on I by the fact that (K q ) ≤ (K p ) if and only if K p is conjugate to some subgroup of K q in K. If the K-action Φ is proper, the orbit space M/K is a Hausdorff topological space, which is the case for compact Lie groups, such as the local unitary group. The union of orbits having the same orbit type is called a orbit type stratum of M and is denoted by M (H) through p ∈ M , such that H is conjugate in K with K p , and its image under the projection π : M → M/K is called the orbit type stratum of M/K and is denoted by
Furthermore, if K is a compact Lie group acting on a connected smooth manifold M , then there exists a unique minimal orbit type (H prin ), such that the stratum associated to the (H prin )-orbit type is connected, open and dense in M/K, for which the dimension equals to dim(M )
. Such orbit type is called the principal orbit type and the corresponding orbits are called principal orbits. In other words, an orbit K.p is a principal orbit, if and only if for all q ∈ M , the isotropy subgroup K p is conjugate in K to some subgroup of K q . Also, the corresponding stratum M (prin) /K in M/K is called the principal stratum. The dimension of the principal stratum determines the dimension of the orbit space.
According to the classical Nöether's theorem, for a symplectic manifold (M, ω) acted upon by the Lie group K in a Hamiltonian fashion, the components of the associated equivariant moment map J : M → k * are preserved during the Hamiltonian dynamics, i.e. J • ϕ t = J, where ϕ t is the corresponding Hamiltonian flow. The symplectic manifold (M, ω), endowed with a symmetry or a conservation law, may be reduced to the corresponding quotient space M ξ containing the equivalence classes of the level set of the moment map J −1 (ξ) under the action of the isotropy group K ξ , for a fixed ξ ∈ k * . If the action of the group K on the manifold M is free, i.e. K p = {e}, for all p ∈ M , and assuming that the action of the closed subgroup K ξ is free and proper on J −1 (ξ), then the resulting quotient space M ξ := J −1 (ξ)/K ξ , for a given regular value of the moment map ξ ∈ k * , would be another symplectic manifold equipped with the induced symplectic structure ω ξ , defined by π * ξ ω ξ = i * ξ ω, where π * ξ : J −1 (ξ) → M ξ is the projection map to the symplectic reduced space and i * ξ : J −1 (ξ) ֒→ M is the inclusion map. This reduction procedure is known as the MeyerMarsden-Weinstein [16, 17] , or the regular symplectic point reduction [9] , since the point ξ ∈ k * is fixed.
If the condition on the freeness of the Hamiltonian action of the Lie group K on the symplectic manifold (M, ω) is dropped, then the level set J −1 (ξ) is a topological space. The orbit space M ξ := J −1 (ξ)/K ξ is endowed with the quotient topology. In [7] it is shown that for the Hamiltonian action of a compact Lie group K, the quotient space M ξ=0 is a stratified symplectic space, satisfying the Whitney's condition, i.e. each strata is a symplectic manifold and the pieces are glued together nicely. This result is extended to the case of the proper action of a Lie group K in [8] . For more details one can refer to [9] . Now, let (M, ω, K, J) be a Hamiltonian K-space, where (M, ω) is a symplectic manifold acted upon properly and symplectically by the compact Lie group K and J : M → k * is the associated equivariant moment map, such that J(p) = ξ, with p ∈ M and ξ ∈ k * as a value of J. Let the isotropy subgroup K p is denoted by H. Then,
is a surjective submersion.
•
ξ ) is a symplectic manifold, where the symplectic structure ω
where
ξ ) is called the singular symplectic point stratum.
• The connected components of J −1 (ξ) ∩ M (H) are left invariant under the flow ϕ t of the Hamiltonian vector field X h , for h ∈ C ∞ (M ) K , which also commutes with the K ξ -action. Therefore, the induced flow ϕ
• The reduced Hamiltonian function h
Then the quotient space M ξ is a stratified symplectic space with (M
ξ ) as the strata. This is called the symplectic stratification theorem. For more details and the proofs one can refer to [7] [8] [9] . Also, for more details on the relation between the symplectic leaves of the orbit space M/K, as a stratified Poisson manifold for a proper action of the Lie group K, and the symplectic strata introduced above one can refer to [5] .
Review of Local Unitary Action
Let's consider a composite quantum system, consisting of N distinguishable n i -level quantum subsystems, for i = 1, · · · , N , in its global pure state. Using the language of geometric quantum mechanics, the space P(H) of global quantum pure states is a ( N i=1 n i − 1)-dimensional Kähler manifold, equipped with both Riemannian and Symplectic structures, induced from the real and imaginary parts of the Hermitian inner products in H = N H i respectively. Moreover, since the projective manifold M = P(H) is equipped with the transitive action of the unitary Lie group U (H), the infinitesimal generators Y M (p) span the tangent space T p M , for all Y ∈ u(H). So, let A, B ∈ u * (H), be the observables acting linearly on H. The symplectic structure ω at p ∈ P(H) is defined by [18] 
where X M , Y M ∈ T p P(H) are given by
for all p ∈ P(H), where π : H → P(H), ψ → p ≡ ρ ψ is the canonical projection. In fact p ∈ P(H) is the global pure state of the composite quantum system, which is either a separable or an entangled state. Note that in this paper the points in the projective Hilbert space M = P(H) are denoted by p and ρ ψ interchangeably. The corresponding local unitary transformation Lie group K is the compact Lie group K = SU (n i ) × N acting on the manifold P(H), where H = N H i and H i = C n i , for i = 1, · · · , N . The natural action of the group K on H, i.e. g .
The isomorphism k ∼ = k * , as well as for u(H) ∼ = u * (H), is due to the Killing-Cartan metric defined on K, i.e. X, Y := −Tr(XY )/2, for X, Y ∈ k, i.e. if η ∈ k * , then −i η = X ∈ k and the Killing-Cartan metric is satisfied for an arbitrary Y ∈ k. The action of the complex structure
The action of the local unitary group K is proper and symplectic, since the Lie group K is a compact Lie group preserving the symplectic structure of the Kähler manifold P(H), i.e. Φ * g ω = ω, for every g ∈ K. Furthermore, this action is Hamiltonian and so there exists an equivariant moment map J : M → k * , defined by [18] 
where J X : M → R is the corresponding Hamiltonian function. The above-mentioned local unitary group K is a subgroup of the unitary transformations of the global Hilbert space, i.e. U (H), with dual of the Lie algebra k * = su * (n 1 ) ⊕ · · · ⊕ su * (n N ). Hence, the quadruple (M, ω, K, J) is a Hamiltonian K-manifold, with the moment map J : M → k * , given by [10, 11] 
where ρ (j) , for j = 1, · · · , N , represents the jth-subsystem's reduced density matrix, and the shifting ρ (j) − 1 n j 1 n j is due to the isomorphism between the affine space of local Hermitian operators, with trace one, acting on H j and su * (H j ), such that ρ (j) be uniquely decomposed as ρ (j) := 
where X ∈ k and for every Y ∈ u(H) with
with −iη = X ∈ k and −iA = Y ∈ u(H).
Singular Reduction of Local Unitary Action
Now consider the projective Hilbert space of tripartite pure states of qubits, as distinguishable particles, i.e. P(H) = π(C 2 ⊗ C 2 ⊗ C 2 ) ∼ = CP (7), which is acted upon by the local unitary group K = SU (2) × 3 . As it was pointed out previously, K is a compact Lie subgroup of the natural unitary group U (H). The corresponding Lie algebra of
, where H i ∼ = C 2 , for i = 1, 2, 3, and is spanned by the matrices of the form
where X j ∈ su(2) are traceless anti-Hermitian matrices, for j = 1, 2, 3.
Following the notation in [10, 11] , any state ψ ∈ H can be written as
where {e i k } are orthonormal bases for the Hilbert spaces H k , for k = 1, 2, 3. Therefore, the moment map J :
where (ρ (k) ) mn = 1 i 1 ,i 2 =0C i 1 ,m,i 2 C i 1 ,n,i 2 , and the sum is over all pair indices exceptm andn at the kth place. Hence, one can write the associated Hamiltonian function J X (p) to X ∈ k as
where X k ∈ su(2), and can be interpreted as the summation of the expectation values of the locally defined Hermitian operators iX k ∈ su * (2) on each laboratory. Recall that the Lie group K acts on its Lie algebra k by adjoint action, given by Ad :
The corresponding coadjoint action is defined by Ad * g ξ, X = ξ, Ad g −1 X = ξ, g −1 Xg , for ξ ∈ k * , where . , . represents the natural pairing between k and k * . Therefore, the resulting orbit K.ξ = Ad * g ξ : g ∈ K is called the coadjoint orbit. It is well-known [20, 21] that each coadjoint orbit K.ξ intersects the dual of the Cartan subalgebra, i.e. the maximal commutative subalgebra t * of k * , in accordance to the action of the Weyl group W = N (T )/T , where N (T ) is the normalizer of the maximal torus T of K. In fact, the Cartan subalgebra t is the Lie algebra of the maximal torus T and t ∼ = t * . Hence, modulo the action of the Weyl group W on the Cartan subalgebra t * , each coadjoint orbit K.ξ intersects the corresponding positive Weyl chamber t * + ∼ = k * /K only once. In fact, t * + parametrizes the set of coadjoint orbits in k * and the isotropy subgroup K ξ for the point ξ ∈ t * + depends only on the open face of t * + containing ξ and K ξ = T , for ξ ∈ int(t * + ) [22] .
In our particular case of interest, the Lie group SU (2) consists of 2 × 2 special unitary matrices and the Lie algebra su(2) is the space of traceless, anti-Hermitian matrices. The maximal torus T is the subspace of diagonal special unitary matrices and the associated Cartan subalgebra t contains traceless, diagonal anti-Hermitian matrices. So, the Weyl group W is the symmetric group S 2 acting on the Cartan subalgebra t by permuting diagonal elements. Therefore, the positive Weyl chamber t * + consists of traceless, diagonal Hermitian matrices, such that the diagonal elements are ordered non-increasingly. Hence, the interior of the positive Weyl chamber int(t * + ) consists of those λ ∈ t * + , such that all their eigenvalues are distinct. To every compact and connected Hamiltonian K-manifold (M, ω, K, J), with the moment map J : M → k * , is associated a convex polytope ∆ := J(M ) ∩ t * + , called the moment (or Kirwan) polytope [23, 24] . The composite invariant moment map
is an open map onto its image [25] , such that all its fibers are connected [24] . Hence, the points ξ ∈ ∆ = J ′ (M ) ⊂ t * + are sufficient to find the symplectic quotients M ξ and their strata M (H) ξ , where ξ ∈ ∆ and H < K.
Recalling the singular symplectic method [7] [8] [9] , associated to each singular value ξ = J(p) ∈ k * is a symplectic reduced space M ξ = J −1 (ξ)/K ξ , which is a stratified symplectic space, with the isotropy subgroup K ξ = {g ∈ K : Ad * g ξ = ξ}, namely,
denotes the equivalence class of all the points p ∈ J −1 (ξ) whose isotropy subgroups K p are conjugate to H. Moreover, there exists a unique principal stratum M
, which is open, dense and connected in the reduced space M ξ . In the next subsection 4.1, the main results of this paper, namely the local normal form, the symplectic structure and the components of the reduced dynamics on the principal stratum of the symplectic reduced space are studied in further details.
Principal Stratum of Symplectic Quotient
In [14] , by using the fact that the principal orbit type stratum M (prin) is a connected, open and dense manifold of the orbit type stratification of M , and is of maximum dimension, since the isotropy subgroups K p of the generic points p ∈ M of the projective Hilbert space of tripartite pure states are discrete [26] , it is discussed that the image of the composite invariant moment map J ′ (M (prin) ) contains the relative interior of the moment polytope int(∆) = J(M (prin) )∩int(t * + ). Also it is shown that the principal stratum M
, is two dimensional. Recalling the symplectic stratification theorem in section 2, M ξ , for ξ ∈ int(∆) ⊂ t * + , is a stratified symplectic space, with (M
ξ ) as the symplectic strata, for all H < K. To find the reduced symplectic structure ω (prin) ξ on the principal stratum of M (prin) ξ , for the principal isotropy subgroup H prin , we have to note that J −1 (ξ) ∩ M (prin) is a submanifold of M , and also
Moreover, as it is proposed in [14] , we have T p (J −1 (ξ) ∩ M (prin) ) = (k.p) ω , where ( ) ω represents ω-orthogonality, since the map d p J : T p M → k * is surjective at p ∈ M (prin) with discrete isotropy subgroups K p = H prin . Therefore [27, Section 4.3] ,
and ξ ∈ int(∆). In fact, the space k ξ .p is the degeneracy space introduced in [10] , for which the dimension represents a measure for quantum entanglement of pure states. Locally, the subspace
is the symplectic subspace of (k.p) ω in the Witt-Artin decomposition of T p M for the Hamiltonian action of the compact Lie group K on (M, ω) [9, Section 7.1]. It is also called the symplectic normal space in the Marle-Guillemin-Sternberg local normal form [28, 29] , as a local model for a symplectic manifold M equipped with a Hamiltonian action of a compact Lie group K around any orbit K.p in the fiber J −1 (ξ), namely
whose elements are equivalence classes [g, ρ, v] , by the free action of the isotropy subgroup
The symplectic normal space V x is defined as in the Eq. 
where the moment map J V : V x → h * for the linear H-action on the symplectic normal space V x is quadratic homogeneous and is described below. Therefore, the Hamiltonian K-manifold
Recall that the closed subgroups of the Lie group SU (2) are as follows: the group SU (2) itself, the maximal torus U (1), the normalizer in SU (2) of the maximal torus U (1) and a collection of finite subgroups. Therefore, the principal isotropy subgroup H prin belongs to the set of finite subgroups of the Lie group K = SU (2) × 3 , collectively denoted by Γ. Hence, the local normal form Y around the orbit K.p, where
, is given by
, since for discrete isotropy subgroup K p ≡ H prin , the moment map J V is the zero map and J V (v) = 0, for every v ∈ V x , and the isotropy subalgebra k * p is trivial. In fact the fixed point set V H x of the symplectic normal space V x is locally isomorphic to the tangent space to the symplectic strata T x M (H) ξ , for H < K and ξ ∈ k * . More precisely, in the local normal form the symplectic normal space V x is acted upon properly, linearly and in a Hamiltonian fashion by the isotropy subgroup K p ≡ H, and is therefore equipped with the associated moment map
, for every X ∈ h and u ∈ V x , where ω V is the symplectic structure of V x . Hence, J V (u) = 0, for every
as is the case here for H = H prin . In other words, since for each group SU (2) = S 3 we have SU (2) → SU (2)/T , as the Hopf fibration, namely SU (2)/U (1) ∼ = S 2 = CP (1).
Reduced Dynamics on the Principal Stratum
The symplectic structure ω 
In other words, they are relative equilibria in the projective Hilbert manifold M [7] . Recall that a point p ∈ M is called a relative equilibrium, if and only if the integral curves of a Hamiltonian vector field X (h) M , for h ∈ C ∞ (M ) K , is contained in the orbit K.p, so every point in the orbit K.p is also a relative equilibrium. The situation is the same for other points ξ = 0 on the boundary of the moment polytope ∆, since as it is shown in [14] , their symplectic reduced spaces M ξ are zero dimensional and so they represent relative equilibria in the original manifold M = P(H) too.
Conclusions
In this paper, the singular symplectic reduction procedure is applied to the projective Hilbert space of tripartite pure quantum states, under the local unitary group action, for a system consisting of three qubits. Given the (shifted) spectra of the single-particle reduced density matrices, as the components of the associated moment map, such that the eigenvalues of each particle are distinct and are ordered non-increasingly, the symplectic structure on the principal stratum is obtained and it is shown that the Eq. (4.11) provides us with a criterion from which the elements of the local normal model on the principal stratum of the symplectic quotient M ξ can be constructed up to the action of the principal isotropy subgroup.
Moreover, from the symplectic structure of the open, dense and connected principal stratum, the induced Hamiltonian vector fields, the reduced smooth Hamiltonian functions and their corresponding reduced Hamiltonian flows are investigated on the principal stratum. Furthermore, it is discussed that for a given spectra of the single-particle reduced density matrices, other lower dimensional strata are isolated points and so they are the fixed points of every reduced Hamiltonian flow, which are known as the relative equilibria in the original manifold M .
From physical point of view, the reduced Hamiltonian flow on the principal stratum, which contains a finite sequence of the integral curves of the induced Hamiltonian vector fields, provides a reversible unitary entanglement dissipation for a composite quantum system containing three qubits. Each reduced Hamiltonian function can be obtained locally from the space of timeindependent quantum control Hermitian operators. Finally, while the original projective Hilbert space is a Kähler manifold, the metric structure on the symplectic reduced space, and in particular on the principal stratum, as well as the exact computation of the symplectic normal space, will be discussed elsewhere.
